A fourth-order, low-dispersion, and low-dissipation implicit Runge-Kutta scheme is introduced for computational aeroacoustics applications. The scheme is optimized for minimal dissipation and dispersion errors. High order accuracy is achieved with fewer number of stages than classic explicit Runge-Kutta schemes,. The scheme is designed to be Astable for highly stiff problems. Possible applications include wall-bounded flows with solid boundaries in the computational domain, and sound generation by reacting flows.
I. Introduction
Low-dispersion and low-dissipation schemes are needed for computational aeroacoustics. Efficient schemes with low dissipation and dispersion are available for spatial discretization.
1, 2 But, optimizing temporal integration techniques to minimize dispersion and dissipation errors have received comparatively less attention. The first attempt to develop a low-dispersion and low-dissipation Runge-Kutta (LDDRK) scheme was reported by Hu et al. 3 Single-step and two-step alternating methods were discussed. For single-step algorithms, optimized four-, five-, and six-stage explicit Runge-Kutta schemes were introduced. All schemes retained second-order accuracy, and fourth-order accuracy was obtained only for the six-stage scheme. Optimal 4-6 -and 5-6-stage alternating schemes were also developed which could retain fourth-order accuracy. Bogey and Baily 4 developed two explicit five-and six-stage Runge-Kutta schemes. Both algorithms were of second order accuracy.
The use of explicit schemes is not desirable for some complex applications because of numerical stability limitations. For example, including the nozzle geometry for jet noise simulations, simulating flame noise radiation and acoustic interaction, are applications fow which a small CFL requirement may sometimes be the main factor restricting the affordability of the simulation.
In the present paper, a three-stage, fourth-order, low-dispersion, and low-dissipation implicit RungeKutta (implicit-LDD-RK4-S3) algorithm is developed. The new scheme provides the same level or even a better level of accuracy compared to the classic, explicit, fourth-order Runge-Kutta for moderate CFL numbers, while it remains stable for high CFL numbers. The new scheme is designed to be A-stable. While requiring almost the same computational cost, the new scheme is significantly more accurate than the threestage, fourth order, SDIRK scheme.
A brief introduction to dispersion and dissipation errors in Runge-Kutta schemes are presented in Sec. II. Section III deals with the derivation of the new scheme. Some numerical examples are provided in Sec. IV.
II. Dispersion and Dissipation Errors of Runge-Kutta Schemes
Given a differential equation of the form
a P -stage Runge-Kutta can be used to approximate the function y at time step n + 1 from the solution at time step n:
where
If a αβ = 0 for β ≥ α, the scheme is explicit; otherwise it is implicit and requires an iterative procedure to solve for F α 's. A convenient way to represent a Runge-Kutta scheme is to use the coefficient table suggested by Butcher:
where the vector c corresponds to the positions of stage values within the time step. Matrix A is the matrix of coefficients a αβ 's in eq.(3). A lower triangular matrix A with zero elements on the diagonal corresponds to an explicit scheme. Vector b corresponds to the weight coefficients b α 's in eq. (2) . Consider the following linear differential equation
For a P -stage Runge-Kutta method, the vector Y n+1 , made up from the stage solutions for the time step
satisfies the following identity
where σ = λ t .
Equation (7) can be solved for Y to obtain
The solution at time step n + 1 can then be written as
where the numerical amplification factor G(z) is given by
The exact amplification factor, on the other hand, is
An error function, R(σ), can be defined as
such that the amplification (dissipation) and phase (dispersion) errors are represented by |R(z)|, and angle φ, respectively. A low-dissipation and low-dispersion scheme should maintain |R(z)| and φ = 0 up to reasonable values of σ, which corresponds to the CFL number. 
III. Fourth order, low-dispersion, low-dissipation, implicit Runge-Kutta scheme
To obtain a low-dispersion, and low dissipation Runge-Kutta scheme, the components of vectors c, b, and matrix A should be determined such that the dispersion and dissipation errors are minimized and the desired order of accuracy is maintained. In the peresent paper, we consider a three-stage scheme of the form
Elements a 12 , a 13 , and a 23 are set to zero so that the solution at one stage is not coupled to the solution at future stages. This enhances the numerical efficiency, the ease of implementation, and the convergence of the iterative method. Such schemes with a lower-triangular A are called diagonally implicit Runge-Kutta (DIRK) schemes. 6 If in addition all a ii 's were equal, the scheme would be called singly diagonally implicit RungeKutta (SDIRK). 6 The additional assumption of SDIRK schemes, which requires the diagonal elements to be equal, leaves us with fewer coefficients for optimization and results in much larger dissipation and dispersion errors as compared to DIRK schemes with the same number of stages.
To retain at least fourth-order accuracy, the coefficients should satisfy the following order conditions:
• First order:
• Second order:
• Third order:
• Fourth order:
Equations (15) to (23) provide eight equations to determine twelve unknowns. This leaves four coefficients to be used for optimizing the scheme. In the present paper, the coefficients a 11 , a 21 , a 31 , and a 33 are chosen as the optimization parameters. Hu et al.'s 3 approach is used to determine the coefficients a 11 , a 21 , a 31 , and a 33 such that the following integral is minimized:
where Γ is specified according to the range of σ for which the method is optimized. Moreover, to ensure the stability of the scheme, the amplification error should not exceed the unity for any value of σ:
Such schemes are called A-stable. Equations (24) and (25) form a constrained optimization problem which is solved using a line search method. 7 A value of Γ = 2 was chosen for the present scheme. The parameters obtained from the optimization process are tabulated in Table 1 .
Figures 1 shows the amplification (dissipation) and phase (dispersion) error behavior of the proposed scheme, the classical explicit fourth-order Runge-Kutta, and a-three-stage SDIRK scheme.
8, 9 Crouzeix 8 has shown that the only three-stage, A-stable, fourth order, SDIRK scheme is charactereize by the following Butcher's table
The new optimized scheme shows significant improvment in reducing the dispersion and dissipation erros for almost all values of σ. The amplification factor of the present scheme remains very close to unity, with a maximum error of about 1% at σ = 2.18. Since the amplification factor remains less than or equal to unity for all values of σ ∈ [0, π] the scheme is expected to be unconditionally stable. A stability analysis confirmed that the scheme is stable for all negative values of Re(σ), and it is thus A-stable. Table 1 . Optimal coefficients for the fourth-order, low-dispersion, low-dissipation, implicit Rung-Kutta scheme.
IV. Numerical Example
For illustration, a linear wave equation of the form
was solved numerically with the classic fourth-order Runge-Kutta , the three-stage fourth-order SDIRK, and the proposed scheme. In all cases, a 6th-order implicit compact scheme with a seven-point stencil 1 was used for spatial discretization. An eighth-order implicit filter 10 was employed to ensure the numerical stability of the explicit scheme. The filtering was performed at each time step for the explicit scheme. The filter was not needed and thus not employed for the implicit schemes.
A wave speed C = 1 and spatial step size ∆x = 1 were chosen. The initial condition was
where x m = 90, b = 20, k 1 = 1/8, and k 2 = 1/16. Figure 2 show the results obtained for t = 300 with CFL numbers equal to 0.5 to 2. Table 2 shows the L 2 norm of the error defined as
where u ex , and u nu represent the exact and numerical solutions, respectively. The proposed three-stage implicit scheme yields more accurate results than both the classic explicit Runge-Kutta, and the fourthorder SDIRK schemes. It should be noted that the explicit scheme resulted in an unstable solution at CFL number equal to 2, while the implicit scheme was stable. The discrepancy observed between the numerical results and the exact solution at this high CFL number is due to the dispersion error associated with a high wave number solution. The agreement between the results improve as the wave number of the initial signal is reduced or the gird resolution is increased. The numerical example showed that the proposed implicit scheme is on average ten times slower than the explicit scheme for the same CFL number. Th increased computational can be offset by choosing a higher CFL and a coarser mesh for which an explicit scheme might become unstable.
An order of accuracy analysis was also performed to validate the nominal fourth-order accuracy of the implicit scheme. A test case with the same initial condition as eq. (29) was chosen. A mesh with spatial step size ∆x = 0.5 was chosen for the analysis. Table 3 summarizes the numerical error of the solution at CFL numbers {0.125, 0.25, 0.5, 1}. Decreasing the CFL by a factor of 2 resulted in a reduction of the error by almost a factor of 16 which is indicative of the fourth order accuracy of the proposed scheme. Table 3 . Error between the numerical results and the exact solution at t = 300 for different CFL numbers.
V. Conclusion
In the present paper, a three-stage, fourth-order, low-dispersion, and low-dissipation implicit RungeKutta (ILDDRK4-S3) algorithm is developed. The new scheme provides the same level or even a better level of accuracy compared to the classic, explicit, fourth-order Runge-Kutta for moderate CFL numbers, while it remains stable for high CFL numbers. While requiring almost the same computational cost, the new scheme is significantly more accurate than the three-stage, fourth order, SDIRK scheme.
Numerical examples showed the improved accuracy of the proposed scheme as compared to the classical fourth-order Runge-Kutta, and the fourth-order, three-stage SDIRK schemes.
The scheme was designed to be A-stable for highly stiff problems such as simulation of wall-bounded flows, and sound generation by reacting flows. 
